Under the assumption that every material object can ultimately be described by quantum theory, we ask how a probe system evolves in a device prepared and kept in a superposition state of values of its classical parameter. We find that, under ideal conditions, the evolution of the system would be unitary, generated by an effective Hamiltonian. We describe also an incoherent use of the device that achieves the same effective evolution on an ensemble. The effective Hamiltonian thus generated may have qualitatively different features from that associated to a classical value of the parameter.
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I. INTRODUCTION
The superposition principle is one of the pillars of quantum mechanics. Given any two pure states of a system, each described by a vector, any linear superposition describes a valid pure state, which is different but somehow related to the initial two. Mathematically, this simply means that every vector is a valid state. However, even if two states correspond each to an intuitive classical narrative, their superposition usually does not (the qubit being the exception: any state can be associated to a direction in space). Schrödinger's deliberately paradoxical example of a cat in the superposition of being alive and being dead is often invoked as the paradigm of this situation [1] . Making sense of such superposition states or explaining them away has occupied a large fraction of the discussions on the meaning of quantum theory. Meanwhile, the observation of superposition in systems that could be called macroscopic [2] has witnessed remarkable progress in the last two decades and is the subject of books and review articles [3] [4] [5] [6] . We are at a stage when one can create and detect superposition states of large molecules [7] and almost micrometer-size mechanical oscillators [8] [9] [10] .
In this paper we ask how a probe system (S) would perceive a device (D) prepared in a superposition state of what we would consider its natural (i.e. classical) parameter. As examples, one may think of a scatterer prepared in a superposition state of several locations [11, 12] , a beam-splitter in superposition of different values of transmittivity [13] [14] [15] , a Stern-Gerlach magnet in superposition of different directions of magnetic field gradient, etc. Crucially to our proposal, the device should not only be prepared in such a superposition state, but must also be maintained in that state during the interaction with the system. This will be guaranteed by constant monitoring of the device, through the Zeno effect [16] . We prove that, in the limit of strong Zeno effect, the system experiences a unitary evolution, generated by a Hamiltonian that depends on the state in which the device is frozen. We present cases in which this Hamiltonian is qualitatively different from the one associated to classical states of the device.
Because the scheme requires both the preparation of a superposition state of the device and the Zeno freezing in that same state, an experimental realisation is probably a long shot away from existing technologies (although we do not want to underestimate the experimentalists' ingenuity). Nonetheless, contrary to recent ideas on superposition of time-ordering of evolutions [17, 18] , our work fits within normal quantum theory, provided the superposition principle holds at any scale.
II. THE SCHEMES

A. Coherent scheme, exploiting the Zeno effect
We start from a Hamiltonian for the system H S (χ) that depends on a parameter χ describing the device, usually taken as classical. In the list of examples above, χ is the position X of a scatterer, the transmittivity t of a beam-splitter, and the directionn of the gradient of the magnetic field. Moving to a quantum description of the device's parameter, we need the evolution generated by the joint interaction H SD . This should be derived arXiv:2002.07398v2 [quant-ph] 4 Mar 2020 from first principles; however, we can get a good general guess by remembering that a device in its classical state is one that does not get entangled with the system (the beam-splitter, just to take that one, does not record the momentum kick from the particle). This idea hints to the form
with |χ the quantum state of the device associated with the classical value χ of the parameter. The general result (7) is independent of this form.
The system and device are initialised in the product state
(2)
The initial state of the system ρ (0) S is arbitrary, while the initial state of the device |φ is assumed to be pure to keep the discussion of the Zeno freezing simple. We then let the system and device evolve under H SD for a short time ∆t, after which we perform a measurement on the device in a basis that contains |φ with the goal of achieving Zeno freezing of the device in that state. The sequence of short evolutions followed by Zeno measurement is repeated over time.
We assume that the periodicity ∆t of the Zeno measurement is much shorter than any relevant timescale in the dynamics induced by H SD , so that each step is well approximated by
where we have set = 1. We further assume that the Zeno measurement happens on even shorter time than ∆t, even when we send this to zero. Having set the assumptions, let us solve the dynamics. Under the first step of free dynamics (3), the initial state (2) evolves into
For the Zeno effect, we consider a two-outcome projective measurement on the device, with projectors |φ φ| and 1 − |φ φ|. After such an instantaneous measurement on the evolved state (4), the new state ρ
(1) SD is given by
with ρ (1)
We observe that the probability of obtaining outcome 1−|φ φ| vanishes at first order in ∆t; in this stroboscopic evolution, the device is back in its initial state |φ and the system is prepared in the state ρ
(1) S , which is the initial state for the next iteration. By taking the limit ∆t → 0 while assuming that the Zeno measurement is even shorter (instantaneous), the stroboscopic evolution becomes a unitary evolution generated by the effective Hamiltonian
B. An incoherent scheme
The effective Hamiltonian we have just derived does not depend on the coherences between eigenstates of H SD . In particular, if H SD is of the form (1), we have found
where p φ (χ) = | φ|χ | 2 . The fact that H S,eff (φ) depends only on the weights of |φ on the classical states, and not on the coherences between these states, suggests that the same evolution could be generated by preparing the device in an incoherent mixture of classical states, rather than a superposition. Indeed, we are going to describe such a scheme, as well as the two main differences between the coherent and incoherent case. Notice first that one cannot freeze a mixed state with the Zeno effect, so the scheme cannot be identical. Rather, we consider the following: at every step ∆t, a classical state |χ is drawn with probability p φ (χ), where for simplicity of the narrative we supposed that there are finitely many values of χ. The device is then instantaneously re-prepared in that state. Each individual system will perceive a different channel U (χ N )...U (χ 1 ), depending on the sequence χ = {χ 1 , ..., χ N } that was drawn. Over many such realisations, if the information about the various χ is discarded (or not available), the averaged channel for the system will be of the formŪ N
Thus, the same effective evolution is achievable by simply randomizing the classical parameters. A few differences are nonetheless worth highlighting. First, as we stated, in this incoherent model the unitary channel generated by H S,eff (φ) is only an ensemble average over several rounds, each characterised by a different configuration χ; whereas in the coherent scheme, the same channel is obtained in each round. Second, the randomization of classical parameters consists in instantaneously flipping the device between various classical states every ∆t. This could be very disruptive, especially if the classical states are very different among themselves. By contrast, the Zeno freezing, although currently beyond experimental feasibility, would be in itself minimally disruptive.
III. CASE STUDIES
In this section, we discuss cases in which H S,eff is just H S (χ eff ), and cases in which we expect a qualitatively different Hamiltonian.
It is clear that H S,eff = H S (χ eff ) if H S (χ) = χh, or more generally H S (χ) = f (χ)h for any sufficiently continuous f . This would be the case for a beam-splitter in superposition of different transmittivity values. For another example of this type, we consider the interaction between Rydberg atoms and cavity fields as reported in experiments like [3, 19] . There, the fully quantum description is H = gσ z ⊗ N where σ z = |e e| − |g g| is the atomic operator, N is the number of photons in the cavity, and g is the coupling energy. But one could look at one of the systems as a device influencing the other. In either case, there is no interest in setting up one of our schemes, because exactly the same effective evolution of the system could be obtained by tuning the coupling constant [20] .
The Stern-Gerlach (SG) interaction, however, presents a more interesting case study. A toy model of SG has to capture the fact that the system gets a momentum kick in the ±n direction if the spin points in that same direction:
where again g denotes a coupling constant. In this case, we can consider H SD = g dnH S (n) ⊗ |n n|, where the integration is over alln in the plane orthogonal to the propagation axis of the atom. If the magnet is initialised in the superposition state |φ D = α |n 1 + β |n 2 , we obtain H S,eff = |α| 2 H S (n 1 ) + |β| 2 H S (n 2 ). In particular, if n 1 ⊥n 2 and |α| = |β| = 1 √ 2 , the effective Hamiltonian is
which is invariant by rotation in the x − y plane. This is very different from any of the H S (n) because all trace of directionality is lost.
When complemented by a screen in the far field, a SG evolution constitutes a SG measurement of the spin direction. The interaction (11) is invariant by rotation and can be interpreted as the simultaneous pointer measurement of σ x and σ y [21] . The magnet may be deflect the particle in all possible directions, and preferentially along the Bloch vector m of the system (assumed to lie in the x − y plane). This hints to the possibility of metrological advantage. Unfortunately, this is not the case for the SG spin measurement. To see it, notice that any transverse momentum kick, however small, will be detectable in the far field. So we can equally implement the incoherent scheme for one single step ∆t: drawingn with uniform prior distribution in each round would lead to a SG measurement with interaction (11) .
Another situation, in which H S,eff may prove very different from any of the H S (χ eff ), is that of putting a scatterer in superposition of different positions. For instance, if V (x − x 0 ) is a step (which has only diffusive states), by a suitable arrangement one could create V eff ∝ V (−x − a) + V (x − a), which is a well and therefore has bound states. This scattering example can also illustrate the complexity, mentioned above, of implementing the incoherent scheme. Every ∆t, the scatterer may have to be instantaneously moved from one position to another. The Zeno freezing, in spite of creating coherences that would not be visible, would nonetheless look like a more convenient scheme if one were to find concrete ways to realise it.
IV. CONCLUSIONS
We have answered the question of how a probe system would perceive a device prepared and kept in a quantum superposition state of the values of its classical parameters. Under ideal conditions, we have found that the system evolves unitarily according to the effective Hamiltonian (7) . We have described an incoherent model that achieves the same evolution on an ensemble, at the price of rapidly flipping between classical states of the device during the evolution. Finally, we have discussed examples in which the effective Hamiltonian does not resemble that associated with a classical state of the device.
